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It is shown that in the general case the contact pressure has a square root singularity at
the interface of the boundary conditions, This singularity is extracted from the solution,
A Fredholm equation of the second kind is obtained for the bounded additive part of the
contact pressure, which is solved by an asymptotic method, As an illustration, the prob-
lem of a heavy sphere with a spherical rigid foundation of similar radius is solved nume-
rically, A comparison is made with the Hertz solution,

Hertz [1, 2] posed and solved the problem of the contact of elastic solids under the
assumption that the contacting bodies can be replaced by elastic half-spaces for small
domains of contact,

The contact problem for a sphere with a given interface of the boundary conditions
(a stamp with angular points) is reduced in [3, 4] to the determination of certain coef-
ficients in the dual series-equations containing Legendre polynomials; a method is indi~
cated which permits reduction of the solution of the obtained dual series-equations to
the solution of infinite systems of linear equations,

Contact problems (including the problem with a previously unknown interface of the
boundary conditions) are investigated below on the basis of the closed solution of the
first boundary value problem for a sphere obtained in [5].

It can be shown [5] that the axisymmetrical loading normal to a sphere r = R

s, =N(@O) for r=R, 00
produces the following radial displacements on this sphere

u(0) = —z-fTSN (2) H (0, o) sin o du (1)

0

kg
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The function U in the kernel of (2) is expressed in terms of complete elliptic inte-
grals of the first kind K (%) and is the following:

Uy =Uy, 0, =

R = (1 — y)? + 4y sin? 0 -:TZ_ ., k*h? = 4y sin 0 sin x

k) —%(1—f—ycosecosa) 3

The constants A and A in (2) depend only on the Poisson's ratio v and are given in
the form

A=8v2—8v+1+i16V3—16v2—4v+5 -

V3=av ’ 2
Let us consider the problem of impression of a sphere r <C R into a rigid axisymme-

tric foundation given in the spherical (r, 0, @) coordinate system by the following
equation (Fig,1):

1—2v i V3;-4v2 (&)

37



[
o

V, I'. Bondareva

r=RU+p®, p@©0) =0 ()

It is assumed that the sphere is free of shear stress resultants and is deformed under

the effect of the normal loading
N(G):{ QM) for T<HI (6)
| o(0) for 0O

where Q (8) is given and ¢ (0)"is the required con-
tact pressule,

The circle 8 = y on the sphere r = R bounds
the domain of contact, The problem is solvable under

the condition
Y

gc(a)sinacosada:—ﬂ% (7N

L]

where Z is the equivalent external pressure @ (0).
The condition of contact between a sphere and the
stamp (5) can be written in the form (8)

Fig. 1 w(0) = Rl—acos® +p0), 0<0<y
where @ is the approach beteen the stamp and the center of the sphere,

Substitution of the boundary conditions (6) and (8) into (1) results in an integral equa-

tion in the contact pressure
¥

R s(x) H (8, a)sinadx =v 9), V<0< Y (9)
2nG )
]
Here v (8) denotes the following function given to the accuracy of «
: 1 ¢ :
v(0) =R [a acosB --p(6) — WS Q(x)H (0, a)sina doc] (10)

s
Let us convert(9) into a Fredholm integral equation of the second kind, Let us make

the change of variables g b ex, g 1,0 = et e gy

Moreover, let us introduce the notation
4¢25° () ’ . (.’C) _ 20° (:r)” ; Hl L 1-- v
(A + e2x?)’? G (1 +en) 2 R

! 1 1 —2v
P _ [.* —2(1—w) X
S (x, ) YV ( F e2d?) (1 + e?) 2 1w (

q(x)=

]
' 1 — e 1 —e¥? 1 2000 TR W ’
X ‘11 + 1-&—82:;2‘ 1+ 22 '/‘ o+ T Reg(ﬂf o 7/"[ (y)d‘l/,, (1)

FHere
0° (z) = o (2 arc tg ex), U° () = v (2 arc tg e2)

U (y) = U°(y, =, t) = U (y,2arc tg ex, 2 arc tg et)

After the manipulations mentioned, (9) becomes

§q(t)[1ﬁtK(i‘jj’)—}-%S(x,t)]dt:—g’l—w(z), 0<r<1 (12)
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The equilibrium condition (7) is hence rewritten as
1

(1 —eu?)! _ Z
Sq (t) (1 -+ 82t2)’/z dt - 2 R2G (13)
0

Let us note that the axisymmetric contact problem for an elastic half-space results
in the integral equation

(a0 2 k(P )ar—j@,  ocect (14)
The solution zf this equation in quadratures is given in [6] as
q(z) = Vi—i——x? — V? /S dy /g Af (Y1 — (A —z?)sin®Psina) X
>:sin 'q:sinadac (15)
where - ” - ' o
Af(t) = —1 (&) + 1" (8, C=?<f(0)+gm] (16)

0

It can be shown that (15) admits of an equivalent representation
1

q(z):v-i—“_—x?——ﬂ%SAf(t)L(x, 1) dt (7)
L (z, t)=x_tHK<2zK?)-—F(—f—,t) (18)

Let us note the following property of the incomplete elliptic integral of the first kind:
X
di 1 1
Fho) =\t = L F (4 ka) 19
o) =\~ F L (19)
It aids in establishing that
zL (z, t) = tL (¢, z) (20)

Let us continue the investigation of the integral equation of the first kind (12) by the
method of regularization, Let us consider the integral in the right side of (17) as an
operator, and let us act on it on the left with (12), We then obtain an equation equiva-

lent to (12) 1 1
Q(x)—wiz—gq(t)B(x, Dt = e — SAw(t)L(z, £ dt
0 [}
0<e<t @n
where

Bz, t) = H- S, (z, 1) + 8, (2, t)]L(x, 7) dz 22)

S

let us introduce a function p (&) into the considerations such that

& a9
g{z) = v—i——c—_———; -+ Tz P (x) (23)

It is the solution of a Fredholm integral equation of the second kind
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p@) — (,12\p(f)Bx ndt=g(x), 0o (24)
. B 1)
¢ (@) :_SAw(t)L(x, t)dt+c871—’_—ﬁdt (25)
0 0
Condition (13), which can be written according to (23) as
P2 arctge 7 1—b1‘)l dl = — 2 2%
CL1+82— P _l nz’\p() (1_1 ) 21 26 ( )
is used to determine ¢,
Substituting (23) into (12) and taking into account that
w(0) = —2a—-—1——gQ(1)H(O ) sin o dx 27)

¢
we obtain the connection between the approach a and the factor ¢
1 1 .
o S0, 1) } A8 g tJdt 28
w(0) = e[ +S e dt + 2 \p () |21+ 5510, 1) (2%)
0 0
It can be shown that the kernel B (z, t) is bounded for £+<= r and has a logarithmic
singularity at ¢ = 2. As is customary, let us assume that w (x)e=C? in the segment

[0, 11. Then g (z)e=C in [0, 17,

The kernel B (x, t) is square integrable in the set of variables z and ¢
11

WiB@ oppded =1t

00

and moreover

D s

|B(z, hPdt< T~ oo

-

{

Furthermore, the kemnel 5 (r, ¢) is continuous in x in the large {7] in the segment
[0, 17.

According to the properties listed for the integral equation (24), its solution p (r)=C
in [0, 1] and because of the theorem of I, Shur, for &€ <C 8,%% b it can be represented by
a uniformly convergent Neumann power series in €, where the series converges no more
slowly than a progression with the denominator ¢b / 0,t* according to [7].

Let us turn to the solution of the integral equation (24).

It can be shown that the function § (x, t) in (11) is representable by the following
convergent series for € <Z 1, 0 <{x, ¢t < 1

S )= 1| 3yl e+ e B (e 0

n= N ==

(29)

where f (¢, tyand g,, (z,t)are continuous functions with an integrable second deriva-
tive, In particular

[)E,.?‘Vll\’

Jolr, ) = —nln max(x, t) -co  fi{x, £) =Yec; (x| —

Fo (, O) = ey (2% 4+ £2) In max (z, t) + (Y — Y ye,) max (22, ¢2) +
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+ Yyes @ -F £7)
&o (.‘l., t) = — %, g2 (.I‘, t) = 1/462 (‘TZ + tz)

Here E (k) is the complete elliptic integral of the second kind, and the coefficients
¢, are expressed in terms of the constants A and A in (4), as follows:

1 1-2v N | W
o= 5 ki — 41 —~) - -?RCAS'/ !
0

2 -V
¢ = ot [Red (2 —4) —3xl, ¢ =100 —2Red (2 —A) (1+2)
c3=—2¢, 16 (1 —v) --20x —4Re A (2 —1) —

dy

1—y

I
2.2 , o
A ReAl T TN =) =R A -y =12
e S\ u [(1—!/)3_11(1!,
where
% = (1 — 2v)?

Substituting the series (29) into (22), we obtain an analogous expansion for the kernel
of the integral equation o

Bz, t)= Zan (z. Byer - Ine Z Gan (z, t) e2n (50
n= n==1
where
F,(z,t) = —x L (z, 1), G, (z,t) = cot Y1 — 2*

1 —_—
Fi(z, t)=CISL(x, s) glji[ K(i:{stl )ds
0

1

Fy(z, t)= t{ﬁg V=24 S In max (s, t) L (z, s) ds +

0

1
4o [tL (2, 8) + 2\ k(s — ) L(z, 5) ds |} 31)
0
Here h () is the Heaviside function, In order to be sequential, let us also expand the
right side g (x) of the integral equation (24) in a series of the type (29),
As is usual, let us assume that the right side of the initial equation (12) is representable
in the neighborhood of the point £ = 0 by the series

w(r) = _a[g 3 =y 1.3...2n—1) (14 4n
n=1

2n1p

oo}

L2+ D) A (o)™ (32)

n=0

which is uniformly convergent for £ < 1.

The coefficients A,, are determined by the given external loading () (@) and the
shape of the stamp, and are independent of the approach a.

Substituting (3, 2) into the first integral in (25), we obtain

1 IS

) e VT 52 oy 132 —1 (1 +4n)
_§Au(t)L(x, Hdt=V1—z El [a( 1) = — Am] x
. 2n 41 n¥Val(n+1 1 e
X g2 Z:LL—i BpEn y(x?), B = T (n +"‘:3/2) ) <n’> T/) (33)
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where the E_ (z) are Jacobi polynomials,
The formula

EL (et = BEL e @) YT

Sy

utilized in deriving (33), was obtained after some manipulation and a comparison with
the results in {8, 9].

Substituting its corresponding series (30) in place of B (z, t) into the second integral
of (25), we obtain

1 o oo
Bz, i Z
(SJ Vi‘z ) dt n={) lwn (x) en M]L In ’ n=1 Nzn (x) 82“ (34)
3 F_(x, 1) H G, (z,1)
‘7‘/ = ’-}l'_,_' == _2_1’?._:.___
In (JL‘) § V‘l——t‘z dt, Nzn (3’3) ) Vi—-:“z"é‘_ dt

In particular

M, (x) = — »nJy (2), M, (z) = ¢n? ¥Y1—2z*
M, (@) = (s + 20V T =2 + % [, @ — 35 @ + & 15 (0) = J5 (@]
N, @) = V1 =2

Here
1 1
Jy (x)::S }’;‘;‘ D_at, T, () =Sln A 4+ VI L Hdt  (35)
) ’ ;
Ji@ =\VT=BL@ vydt, Ji@)= §(1 — )L (x, t)dt

An asymptotic representation of these integrals as & — 1 is easily obtained
Ji@) ~—VI=2ZWyT—=2, Ji~kV1—1% k =const, i=2 034
The integrals (35) reach a maximum at £ = 0
J1 (0) = Ygn?, J, 0y = Ygn? — 2+ In4
I3 (0) == Yyert® - Mgy T4 (0) = Yagn® Yy

To solve the integral equation (24), let us substitute the series (30), (33),(34) therein
and let us apply the asymptotic method of Vorovich and Aleksandrov [10], The form
of the solution is at once established,

Let us note that the constants ¢ and @ are linear in the right side of the integral equa-
tion (24). Because of the linearity of the equation they will also be linear in the solu-
tion of (24). It is hence convenient to separate the solution into twe parts,

First we assume that the right side of (24) is

g(.'li) _V1_x ZAznezn 277.-{-—-1 BE ._1(1')

We denote its corresponding solution by
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P@) = =44 3 po@er+ 3 X pan(@emmiline]  (36)

n=o n=1 m=¢
By the method set forth in [10] we obtain

Po’ () = P1° (2) = P, n () = P’ n (x) =P (2) =0

Pr@) =VI=2% p°@) = — 55 Js(0), Pan(t) = g VI— &

P (@) = 5 S VI= 2 By (29 fg [t-FE@|VT=2+

+(elnz) Sfa(t)L(x t)dt

Pi° (@) = g {es V1 —x2+c2(fz—J3——3—J4)+n[2 YT=2 1 37 —
~ 57— 844 (1~ 2 )]} —T%—[ﬁ(Ja +—;—J4)+ (37)

+§L(x s)d3§fs(t) X K(ifi)dt] (enz)

thL(x, t)SJq (s) L (t,5) ds

Ed

<

Furthermore, we set the right side of the integral equation (24) as

gy = S Vi

We denote its corresponding solution by
o] o0 o
Po(@) = ) gn @) E"+ D1 D) Gmon (@) In"e (38)
n=0 n=1 m=0

Exactly as above we obtain
1

W)= —wh (@), a@=anVI—2+ gz {LOLE na
92 () = (ca+ 20 VI = 28 + % [J1 (1) — V5 (2)] + & [a (2) — T3 (2)] —

_.xg_i[fs(m)*f—n_i?idsl;(r’ S)Sjl(t) s+t K(ZS:{?)W] -

1

(en)z SdtL(T i)SJ}(s)L(t s)ds

Qo (2) = ¢y Vl — a2
Therefore, the solution of the integral equation (24) with the right side (25) is repre-
sentable as D (x) = ap* (z) + p° (x) + cp, (2) (39)
where the functions with the asterisk should be evaluated by means of (36), (37) by insert=-

ing therein n11-3-...-@2n—1)(1 + 4n)
4 A2n= (__1) 1 (zn-ln!)(
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Substituting the solution (39) into the conditions (26) and (28) and taking account of
(27), we obtain 2 system of two linear algebraic equations in the constants ¢ and a.
The problem can be considered solved,

In order to obtain the solution of the contact problem in the class of bounded functions,
we should set ¢ = 0 in (23) and (39), The formula for the approach (28) is hence sim-

plified and becomes
1

al2 Spﬂﬁ@a+§}8@¢ﬂm}=Aonzggﬁ@ﬂmx+g;st@&
i ]

1
| a% )
Substituting in this relationship the corresponding series for p°, p* and S (0, f) we obtain
. 440 B . o f f 2¢ 5 ;
g=-p (5 Adr Az}.&“ U g o0+ {? ~In 48)]} LOEY)  (40)
Up to now the unknown boundary of the domain of contact (¢ == tg 1/,y) is defined
by the condition (26) in which we must set ¢ == (), Taking account of (39} and (40),
we obtain
S

- o Z‘ 3()1’T . i . 5 Aa 3 ] ) 3 “ S VAR _/E‘. -
(e T gl Bles t T ) ‘}1 &% o 8 [* PR AT
¥
S "ﬁ“'yit Vﬁ,l'v_ I J», (t) dii 4 e3lne jz_:ij'_i N (fd)
5T Y= - 17 30T
i}
L e M DY A A Ay A e
] ”%‘6;“_(, iiOC‘O -~ Cy (.lgfti (3 i) X \ 13 T i 10in4 T
1
O3 siagell L 20 Ao 2T A B b
~ o )87 s [} = G (G e (e RO

g
Limiting ourselves to the first terms in (36), (40) and (41), we obtain the solution of
the problem of impression of a parabolic stamp - v

into an elastic half-space,
It should be noted that the solution of the

’d
‘ 7 M
! e
L. e i ¢ | i - -
g a; 0.2 a3 0 /2wt tis 3
Fig, 2 Fig, 3

integral equation (24) constructed above can be obtained by successive approximations
with subsequent grouping of terms having the same order of smaliness in ¢.

As an illustration, let us examine the problem of the contact between a heavy elastic
sphere » <{ R of density p and a spherical stamp of similar radius r = R (1 - A). It
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is easy to find the particular solution of the elasticity theory equations corresponding to
the mass forces

. K =pge, .,
n, =-—r*cos0 fj}_—iv 4[% i ug=-—r>cos %-:%v Z—i—
The corresponding stresses are
S, =23y =6, = — rcos0pg, T,==0
It can be shown that =
\cosatH(G_, a)sinada =0, 00
0

Therefore, the problem is reduced to solving the integral equation (9) with the right
side v(0) = —acos® 4 ViF 2A T A2cos® — 1 — Acosd

1 —2vpgR
a=ay— m‘ T
where q, is the approach between the stamp and the center of the sphere,
The solution is given by (39)—(41)in which we should take
Ao — 4A Ay 1 34-4A—A0
TELILAY 4y T T 2T (1A
Presented in Fig, 2 is the dependence (41) for v = 0.3, A =0,001. Given in Fig, 3 is
the contact pressure distribution when the angle of contact is 2y = 60°, the angle ¢ is
laid off on the horizontal axis, while along the vertical the quantity

26 A6
S (6) =—5(9>/1+—gzn(1_—T)

Ay =0,

is plotted,
The dashed curves in both figures refer to the Hertz solution, A comparison shows that
for large domains of contact (y => 30°) the Hertz solution, obtained under the assumption

that the contacting bodies can be replaced by half-spaces, results in considerable errors
(6 > 20%).

The author is grateful to L, S, Barkov for taking on the task of performing all the neces-
sary computations,
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